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Abstract 

The existence of genuinely non-geometric backgrounds, i.e. ones without ge¬ 
ometric dual, is an important question in string theory. In this paper we 
examine this question from a sigma model perspective. First we construct a 
particular class of Courant algebroids as protobialgebroids with all types of 
geometric and non-geometric fluxes. For such structures we apply the mathe¬ 
matical result that any Courant algebroid gives rise to a 3D topological sigma 
model of the AKSZ type and we discuss the corresponding 2D field theories. 
It is found that these models are always geometric, even when both 2-form 
and 2-vector fields are neither vanishing nor inverse of one another. Taking a 
further step, we suggest an extended class of 3D sigma models, whose world 
volume is embedded in phase space, which allow for genuinely non-geometric 
backgrounds. Adopting the doubled formalism such models can be related to 
double field theory, albeit from a world sheet perspective. 
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1 Introduction 

It is by now well established that useful string vacua, in particular those where potentials 
that can stabilize the moduli are generated, contain background fluxes. These fluxes come 
in several types, in particular standard ones such as NSNS flux, torsion or geometric flux and 
RR fluxes, but also non-standard types such as non-geo metric fluxes in the NSNS [T| and 
RR P] sectors. The latter can be described with techniques from the differential geometry 
of Lie and Courant algebroids |3H8] which are also used in Hitchin’s generalized complex 
geometry [9j. They often appear in (generalized) T- or S-duals of standard geometries 
pT0TfT3] . However, in most studies up to now these non-geometric string backgrounds are 
not truly new string vacua, even referring to ideal cases where the string equations of motion 
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are/could be solved. This is so because the very essence of dualities is that the physics is 
the same on each side, and thus vacua which are related by dualities are just different ways 
to describe the same physics. This can change only by having at hand vacua which are 
genuinely non-geometric, which means there is no duality transformation that can map the 
vacuum to a known, geometric one. In this sense, cases known as the Q-background and 
the R-background are not truly non-geometric from a string-theoretic point of view. 

The main question that we would like to address in this paper is how genuinely non¬ 
geometric models could be described. This is arguably the most essential question in the 
study of generalized flux compactihcations, which however has been posed and addressed 
only fragmentarily. One direction which was followed relies on the construction of exact 
conformal field theories based on asymmetric orbifolds [H]. Asymmetric orbifolds are 
backgrounds where left- and right-moving string coordinates see different geometries; for 
this reason such theories are indeed genuinely non-geometric string solutions and they can 
contain all types of fluxes |15TfT9] . Other approaches on the same problem include work on 
heterotic string vacua with non-geometric fluxes [20], where it is argued that geometric and 
non-geometric compactihcations are equally typical, the study of cases where not only the 
internal geometry but also the external one is multi-valued and thus non-geometric EB , as 
well as a classification of the U-duality orbits of gaugings of (half-)maximal supergravities 

G2 

Our approach is different than the above ones and complements previous work in the string 
theory literature Pfj. The starting point is Courant algebroids (CAs), which are structures 
introduced in Ref. [23] that provide a systematization of the properties of the Courant 
bracket introduced in Ref. [21]. The authors of [23] construct CAs as Lie bialgebroids, 
which is a special case of a more general construction performed in Ref. [25] using the 
notion of protobialgebroids (PBAs). The latter are structures that incorporate 3-index 
twists, corresponding to (some of) the NSNS fluxes that appear in string theory. In this 
paper we construct a class of PBAs, putting on firmer grounds and generalizing our previous 
work [8]. We consider PBAs following the spirit of twisting the generalized tangent bundle 
TM © T*M of a d-torus by 2-form, 2-vector and (l,l)-tensor deformations. We choose a 
representative paradigm of (1,1) deformations that leads to nilmanifolds, which are also 
termed “twisted tori” in physics; this is a natural way to go beyond the toroidal case. This 
approach directly suggests how brackets, morphisms and generalized 3-forms should be 
defined in the class of PBAs we study. Given that any PBA gives rise to a CA, we then 
proceed in the construction of the latter and discuss an illustrative example of the class. 
The twist approach that we follow yields non-standard CAs. 

Having constructed the desired structures over twisted tori, it is desirable for physics to 
study sigma models that correspond to them. An important mathematical result ( [26] ) 
states that given a CA one can construct a topological sigma model of the type introduced 
in the seminal work of Alexandrov, Kontsevich, Schwarz and Zaboronsky (AKSZ) [27] (see 
Ref. [28] for a useful review). Applying this result, we construct in very explicit terms the 
sigma model corresponding to the class of CAs with all types of twists. Considering that the 
3D topological theory has a 2D boundary, we derive consistency conditions for the action 
including all twists and deformations, thus generalizing previous results. Moreover, we show 
that in certain limits these conditions reproduce known results, for example integrability 
conditions for Dirac structures, such as the ones found in Refs. |29Lf3l] and additional ones 
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derived in Ref. [8]. Additionally, we discuss the corresponding 2D theories, add dynamics, 
and discuss in explicit detail a particular example with all types of fluxes. 

After presenting models with all kinds of twists and 2-form and 2-vector deformations that 
are neither vanishing nor inverse of one another, we discuss whether such cases can be 
considered non-geometric in the sense of string theory. In this discussion one has to invoke 
T-duality in order to differentiate between two different kinds of 3-vector R flux, the one 
obtained by standard differential geometric methods (being a derivation of a non-Poisson 
2-vector /?, or equivalently the Schouten bracket of /? with itself) and the one obtained 
by generalized T-duality. As already noticed in Ref. [3] the former does not deserve to 
be called non-geometric, since it can be associated to a 2D sigma model with a standard 
target space. However, it is the second kind of /I'-fiux that appears in string theory after 
T-duality. This means that a generalization of the formalism we apply in sections 2 and 
3 is necessary in order to account for the R-flux originating in T-duality, and in order to 
examine the possibility of genuinely non-geometric backgrounds. 

The above discussion leads us to propose an extension of the sigma models with standard 
target space to ones with phase space as target. This is also motivated by a similar approach 
adopted in Ref. [6]. We choose to work with reference to the doubled formalism of string 
theory [32], which parallels the first order formalism on phase space and introduces a set of 
coordinates X a in addition to the standard coordinates X a , corresponding to the winding 
modes of closed strings. From a target space viewpoint, this has led to the development of 
double held theory (DFT) [33R36] . which is currently under close scrutiny (see Refs. |37ff39] 
for reviews and a complete list of references). On the other hand, our approach has a 3D/2D 
perspective and does not use any results from DFT0. Once more it is assumed that the 
3D manifold has a 2D boundary, and the consistency between the equations of motion and 
the boundary conditions uncovers an extended set of relations that have to be satisfied. 
We comment on their relation to the flux formulation of DFT [4ol 148] (see also B9H52|). 
Finally we write down in very explicit terms a 3D sigma model with doubled target where 
(i) all types of fluxes appear, (ii) 2-form and 2-vector deformations are neither vanishing 
nor inverse of one another and (iii) the i?-hux is not of the type that can be reduced to a 
standard 2D sigma model. These properties suggest that this example is a nontrivial toy 
model of a genuinely non-geometric background. 


2 Courant algebroids as protobialgebroids 

In this section we define and construct Courant algebroids that accommodate 3-index 
twists of any type, which will be identified with geometric and non-geometric fluxes that 
appear in string theory. We call such structures “Courant-Roytenberg” algebroids, since 
they were introduced in Ref. [25] . Our approach in the presentation is to provide some 
basic definitions first, then apply them to construct a class of cases interesting for string 
theory, and finally to present in detail an explicit example. This approach will be followed 
in the following sections too. 

4 A new CFT approach of DFT was considered recently in Refs. mm- Previous work along this line 
includes Refs. ) f0ll42ll44] . 
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2.1 Definitions of bialgebroids 

Let us first define the notion of a protobialgebroid (PBA) and then discuss some particular 
limits. Note that PBAs are usually defined using supermanifolds [25], but here we will use 
a more conservative, “bosonic” definition, which is more handy for applications in string 
theory (see however Ref. [53]). 

Definition 2.1. Consider two dual vector bundles (L,L*) over a manifold M, equipped 
with the following data: 

• Skew-symmetric brackets [•, -}l on L and [*, -\l* on L*. 

• Bundle morphisms (anchors) p : L —> TM and p* : L k —> TM. 

• Generalized 3-forms <f> £ T(A 3 L*) and 0 £ T(A 3 L). 

This structure is a protobialgebroid provided that for X,Y, Z £ T(L) and r), £, uj £ T(L*) 
the following properties hold: 

1. [XJY] l = f[X,Y] L + (p(X)f)Y and [r,,f£] L * = fM L * + (p*{v)f)Z , / e C°°{M) , 

2. p([X,Y] L ) = \p(X) 1 p(Y)] Lie + p*0(X,Y, •) and p*([p,£]l*) = [p*(v),P*( 0]Lie + 

3. [[X,Y\ L ,Z\ L + c.p. = d L *<t>{X,Y,Z) + <t>{d L *X,Y,Z) + <j>{X,diL*Y,Z) + (j>{X,Y,di L *Z) , 
[[v,€\l*,w]l* + c.p. = d L ^(p,^,w) + '0(d L p,^,(u) + '0(p,d L ^,£u) +^(p,^,d L (u). 

4■ d l4> = 0 and = 0. 

Although this definition does not appear as such in the literature^], it is just the appropriate 
generalization of the definition 3.8.3 for a quasi-Lie bialgebroid in the first reference of 
[25]. The four enumerated properties in definition 12.11 are generalizations of the familiar 
properties of the tangent bundle. They are lifted to the general vector bundles L and 
L* with the aid of the maps p and p*, called anchors. More precisely, the first property 
is just the Leibniz rule for each bundle. Recall that the tangent bundle, whose sections 
are ordinary vector fields, is equipped with the standard Lie bracket of vector fields that 
satisfies the Leibniz rule 


[X, fY]ue = f[X, R]Lie + (Xf)Y , (2.1) 

when X,Y £ T(TM). It is then evident that property 1 for each bundle is the direct 
generalization of this rule. The second property is a twisted version of p and p* being 
homomorphisms; p is a 0-homomorphism and p* a 0-homomorphism. The third property is 
a twisted version of the Jacobi identity. Finally, the fourth property states that the 3-objects 
0 and 0 are closed with respect to the corresponding derivations on each vector bundle. 
These derivations are in turn the direct generalizations of the standard exterior derivative 
on the tangent bundle, which acts on p-forms raising their degree by one. In particular, 

5 It is briefly mentioned in Ref. [SJ though. 
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they are simply defined as maps d^ : T(A P L*) —* r(A p+1 L*) and d L * : T(A P L) -A T(A P+1 L), 


acting as follows [55]: 

d^a;(Ai, ..., Ap +1 ) 

p+ i 

= ]T(-i ^(ixi!,...,!,. 
2— 1 

■ • : 2f p+ i) + 



di*fi(r/i, • 

• • i Vp+ 1) 

+ J2(-l) i+j u([X i ,X j \ L ,X 1 ,.. 

i<j 

P+1 

2— 1 

., A^, • • •, E j , 

• > Vp+ 1) + 

• • • ? X p+ i) , (2.2) 



+ X^ -1 ) l+JQ ([^, ■ ■ ■ 

i<j 

i Vii •••)%)•• • 

; Vp+ 1) ) 

(2.3) 


for arbitrary generalized p -forms oj E T(A P L*) and hi E T(A P L). The property 4 is essen¬ 
tially the set of Bianchi identities for the structure. 

Given the general structure of a PBA, there are few special cases, depending on the presence 
or absence of the generalized 3-forms 0 and ip. They are collected in the following table: 



t 

Structure 

7^0 

7^0 

Protobialgebroid 

7^0 

= 0 

Quasi-Lie bialgebroid 

= 0 

7^0 

Lie quasibialgebroid 

= 0 

= 0 

Lie bialgebroid 


It is known from Ref. [23] that a Lie bialgebroid (LBA) gives rise to a Courant algebroid 
(CA) with vector bundle E = L © L*, which will be defined below. More generally any 
PBA gives rise to a CA, as shown in Ref. [25] , 

2.2 Protobialgebroids made explicit 

Let us construct a class of PBAs, based on nilmanifolds of step 2. Such manifolds are 
called “twisted tori” in the physics literature and they can be described as fibrations of 
toroidal fibers over toroidal bases, whose tangent bundle can be obtained from the tangent 
bundle of standard tori by an appropriate deformation of degree (1,1). Additionally we 
consider deformations by elements of degree (0,2) and (2,0), as explained below. This 
structure was already partially constructed in Ref. [8], where it was called “a QLBA with 
anchor on L instead of TM”. The issue of anchors that did not project the vector bundles 
on TM will here be corrected using the more general protobialgebroid structure. Another 
difference is that in Ref. [8] one had to invoke the Courant bracket as the bracket on the 
CA to do the computations, while now we are going to extract the consistent form of the 
bracket just from the deformation data, without a priori reference to the resulting CA. In 
particular, since the CA is not the standard one, the bracket on it is not simply the Courant 
bracket, but a more involved one, as explained in Ref. [23]. Finally, the associated CA was 
not constructed explicitly in Ref. [8], and we will complete this construction later in this 
section. 
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2.2.1 Protobialgebroids over twisted tori 

Consider M to be any d -dimensional step 2 nilmanifold with tangent and cotangent bundles 
spanned by 


0% = e“ (x)d a , (2.4) 

e * = 4(x)dx‘, , (2.5) 

where early indices a,b,... are curved (world indices) and late indices i,j, ... are flat (freely 
falling frame indices), and the frame components e l a (x) are such that the Maurer-Cartan 
equations hold. We choose to work on a (generally curved) nilmanifold because it is a 
direct but nontrivial generalization of a flat torus. In particular, the tangent and cotangent 
bundles of any nilmanifold can be obtained from the toroidal ones by means of a (1,1) 
deformation h(x) = \h b a {x) dx“ A 

TM = e h( - x) TT d . (2.6) 


In the case of step 2 nilmanifolds the deformation can always be written as 

h(x) = fa h x a dx b A d c , (2.7) 

for appropriate parameters f£ b corresponding to the structure constants of the associated 
nilpotent Lie algebra. One can simply jump to the toroidal case by setting /’s to zero. 
Moreover, the choice of step 2, which amounts to the structure constant relation 

fabfde = 0 , no summation in b , (2.8) 

is made for simplicity, but the general step case can also be addressed with the same 
methods. In the general case the deformation h(x) is a more involved polynomial expression, 
and higher order relations among the structure constants hold (see Ref. |56] for details). 
The basis 1-vectors and 1-forms are dual, 

«i(e 3 ) = % . (2.9) 

reflecting the duality of TM and T*M as vector bundles. Additionally, the 1-forms satisfy 
the usual Maurer-Cartan equations. 

Let us endow the twisted torus with a (not necessarily closed) 2-form and a (not necessarily 
Poisson) 2-vector: 

B = {B l3 e l A e? , (2.10) 

P = lP ij 0iA 0j. ( 2 . 11 ) 

Using B and /3 as deformations the tangent and cotangent bundles can be twisted accord- 
iiigho 

Lb := e s TM = span({$« + L^e 6 7 }) , (2-12) 

L* := e^T*M = span({e* + P ij 9j}) . (2.13) 

6 These twisted bundles can equivalently be understood as graphs of B and /? respectively, namely 

L b = {X + B{X , ■);!£ TM} and L* = [r] + /3(r], ■); r 7 e T*M} 
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Note that unlike TM and T*M, which are dual due to the pairing (j2.9() j Lb and L 7 are not 
mutually duaf]. In Ref. [Sj we performed an independent change of basis on each bundle, 
such that duality is achieved. This is actually equivalent to performing an overall e B e@ 
twistH on TM © T*M. We simply get 

L m3 = e s e /3 TM = span({0 i = 0 i + R ij e J '}) , (2.14) 

L* B p = eVT*M = span({£* = e* + P ik B kj e> + p ij dj}) . (2.15) 

We will never assume any constraining relation for B/3 ; unlike what is usually assumed in 
the literature, here this combination is in general neither vanishing nor unity. The pair 
that appears in the definition of the protobialgebroids that we consider is then (L, L*) = 
(L B /3,L* b/3 ). 

According to the definition, we should specify elements p G T(A 3 L* B/3 ) and ip G F(A 3 L B p). 
In the spirit of twisting the tangent and cotangent bundle data, we consider arbitrary 
elements H G T(A 3 T*M) and R G T(A 3 TM) and twist them to give 

(p = ±<f> ijk E i AE*AE k 

= |((1 + PB%(1 + PB)U 1 + PB)% jk e p A e CT A e r 
+3(1 + PB%{ 1 + PBy a (3 kl & jk e p A e ff A d t 
+3(1 + pB) i p P jl p km (j)ij k e p A 9i A e m 

+p*p j mp kn <l> ijk 0 l A 9 m A 9 n ) , (2.16) 

ip = A 0j A O k 

= 

+3 B kn ip ijk 6i A 9j A e n 
+3 BjnB^Hi A e m A e n 

+B u B jm B kn ip ijk e l A e m A e n ) . (2.17) 

Eqs. (12.161) and (12.171) exhibit that in the presence of the twists (0 and rp) and the de¬ 
formations (B and P) there are all types of fluxes turned on, as they were identified e.g. 
in Ref. |8] in a less systematic way. Note that in some particular cases H and R can be 
identified with the derivations of B and P respectively. However, it will not always be the 
case in this paper that these identifications are made. This will be explicitly stated when 
assumed. 

Next we consider the bundle morphisms 

p : L B p -+ TM , p(X) = e~ /3 e~ B X , (2.18) 

P* : —> TM , P yr ] )=P(e- f3 e- B r ] ,-) ■ (2.19) 

Here and in the following we use the symbol P also for the map P : T*M —» TM (often 
denoted as /3 P in the literature). These are the candidates for anchors, being the twisted 
versions of the corresponding anchors on TM (unit map) and T*M (/3-morphism). 

'Because the twist is not an element of O (d,d). 

8 The order of the twists, first with /3 and then with B , counts. A twist of the form e^e B would lead to 
another path, which is however equivalent for our purposes. 
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Now we have to define skew-symmetric closed brackets on each of the two vector bundles. 
Our strategy is once more to consider the corresponding brackets on TM and T*M and twist 
them appropriately. Let us use the notation X, Y G Y{L B p) and G T(L* B/3 ). Elements 
of TM are written as X := e~^e^ B X, and elements of T*M as rj := e~^e~ B r], The bracket 
on TM is the standard Lie bracket of vector fields, while the bracket on T*M is 

% I]k = £/3(tp)£ - £fni.)V ~ f)) , fj,ie T*M , (2.20) 

d being the standard de Rham differential. In the Poisson case this is the standard Koszul 
bracket of 1-forms. Then we consider the e B e& twist of those brackets and write the Ansatze: 

[X,Y] Lbp = e B eP[e-Pe- B X 1 e- p e~ B Y } Lie + U , (2.21) 

Ml*,, = e B e^[e-Pe- B r ] ,e^e- B i} K + W , (2.22) 

where V G L B p and W € L* B p are associated to the twists and they should be determined 
by consistency with the definition 12.11 In particular, for the bracket (I2.21|) . the second 
requirement of the definition, combined with the anchors defined above, gives 

p([X, Y] Lbp ) = \p{X),p{Y)]u* + P A(X, Y, •) 

^ p(e B eP[e-Pe- B X, e^e~ B Y} Ue ) + p(V) = [e^e~ B X, e~^- B Y] Lie + p*0(X, Y, •) 

^ [e~^e~ B X, e- fi e~ B Y ] Lie + p(V) = [e^e~ B X, e^e~ B Y } Lie + p^(X, Y, •) 

^ p(V)=p it <f>(X,Y,-) 

V — e B ePp(e- 0 e- B {${X, Y, •)), ■) . (2.23) 

For the bracket (12.221) the analogous requirement is 

P*([v, = \P*(V),P*(0 ]Lie + P&(V, f,') • ( 2 - 24 ) 

A similar computation leads to the result 

P*{W) = P(e-Pe~ B W, •) = e-^e~ B ^ £, •) - ±[/3, PUe^e~ B r,, e~^e~ B i, •) , (2.25) 

where [•,•]§ is the Schouten bracket. This equation should be solved for W in order to fully 
determine the bracket on V B /3 . Unlike the previous case this is not straightforward, since 
it depends on the invertibility of p* (while p is always invertible in our approach). For 
invertible /?, it is easy to solve for W and plug it in the Ansatz (12.221) . However, the case 
of non-invertible (3 is more interesting for our purposes. A way to solve (12.251) is to assume 
that the right hand side is zero, namely 

V’Ob 6, •) = \e B eP[fi, /3] s (e _/3 e" B p, e _/3 e' B £, •) , (2.26) 

and that /3 3 (j) = 0. Then we set 

W = </)(e B e^(e-^e- B r,, •), eV/3(e“V B f, ■),•). (2.27) 


We will see later that these conditions are mild enough to assure that nontrivial cases indeed 
exist. According to the above, the brackets on the two vector bundles are determined to 










b<0 

[X, Y] Lbp = eV ([e-?e- B X, e^e^Y)^ + 0(e^e~ B (<t>(X, Y, •)), ■)) , (2.28) 

[V, C]l* bp = e B e f> [e~ p e~ B r], e _/3 e~ s £] K + (p{e B e p P(e~ p e~ B r], •), e B e p P(e~ p e~ B ^, •), •) .(2.29) 

The skew-symmetry of the brackets (12.281) and (12.291) follows from the skew-symmetry of 
the Lie and Koszul brackets and the antisymmetry of (p. Closedness is also rather obvious. 
The big brackets in Eq. (12.281) contain an element of TM. Then this element is acted upon 
with e B e^, yielding elements of Lb/ 3 , as required. Similarly, both terms in Eq. (12.291) are 
elements of L* Bj3 . The brackets can be computed explicitly for the basis elements 0* and 
E l ; they yield the results 

[e..ej]L B , = (/£ - P km <t> m ij)Q k . (2.30) 

[£?,£?]*., = -2/3 i '/ i l + /3 a y’"fc m )S‘ . (2.31) 

With the above elements (p and ip, the brackets and the anchors, we have now collected 
all the input ingredients of a protobia.lgebroid, as required from the definition 12.11 In the 
appendix we collect the proofs of the properties 1-4 in this definition. 

2.2.2 Explicit example 

In order to exhibit that nontrivial cases with nonvanishing B and (5 and with B/3 ^ 1 
indeed exist, let us consider as an example the 3D nilmanifold based on the Heisenberg 
algebra with single structure constant f \ 2 — 1- The full basis is 

0i — di , 02 = 82 + x 1 d 3 , 03 = ds , (2.32) 

e 1 = da; 1 , e 2 = da; 2 , e 3 = da; 3 — x 1 dx 2 . (2.33) 

It can be checked that the manifold has a Poisson structure 153. given by the 2-vector 

Q p = ^e x A 0 3 + u0 2 A 0 3 . (2.34) 

Therefore, any non-Poisson 2-vector will necessarily include 0\ A # 2 - Here we consider such 
a 2-vector, 

p = V~c 0 1 a 02 , (2.35) 

where c is a real constant. Its Schouten bracket gives: 

[/3, P] s = 2R = 2c0 1 /\ 02 A 0 3 , (2.36) 

where for this example we identified the Schouten bracket with R (and d B with H below), 
which is not always the case. Notably, /? being constant in the basis 0{ is enough to produce 

9 Note that these brackets seem to contain only (j) and not ip explicitly. However, as it is clear from 
Eq. (12.261) . ip is not zero and this is essential for the ^-homomorphism equation (12.241) to hold, as it 
should for a protobialgebroid. Moreover, ip will appear explicitly when we construct the bracket of the 
corresponding Courant algebroid, where the two twisted homomorphism conditions are replaced by a single 
homomorphism condition for the anchor of the Courant algebroid. 
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a nonvanishing 3-vector. Additionally we consider a 2 -form proportional to the symplectic 
leaves of the manifold, which are e 1 A e 3 and e 2 A e 3 . To be precise, we restrict the 2-form 


only on one leaf and take 

B = Nx 1 e 2 A e 3 . (2.37) 

This 2-form is not closed, giving 

dB = H = Ne 1 A e 2 A e 3 . (2.38) 

The twisted bases are given as 

Lbp = span({0j} = {#!, 9 2 + Nx 1 e 3 , 9 3 — Nx 1 e 2 }) , (2.39) 

L* b/3 = span({£ 1 } = {e 1 + ^/cNx 1 e 3 + y/cd 2 , e 2 - y/c9i, e 3 }) . (2.40) 


The closed brackets among the basis elements {© 7 ;, E 1 } are found via Eqs. (12,28ft and (12.29ft . 
They are 

[© 1 , © 2 ]Lgp = @3 ) [© 1 )© 3 ]l S/3 = — \/ciV0i , [© 2 ,© 3 ]l s3 = ~\fcNQ 2 , (2-41) 
\E\E\. n =cNE\ [E^E^^XcE 1 , [E 2 ,E 3 } L . m = XcE 2 . (2.42) 

Note that these are different from the ones in Ref. [ 8 ], because the brackets have changed. 
We specify the anchors from Eqs. (12.18ft and (12.19ft : 

p(©i) = 0i , (2.43) 

p*(E l ) = . (2.44) 

Note that unlike Ref. j 8 ], the anchors are morphisms to the TM, as required. 

Finally, the 3-elements are: 

0 = Ne 1 A e 2 A e 3 + \/cN(e 2 A e 3 A 6* 2 + e 1 A e 3 A 9\) + cNe 3 A 9i A0 2 , (2.45) 

ip = c9i A 6*2 A 6*3 + cNx 1 (9 3 A 9i A e 3 + 9 2 A 9i A e 2 ) + c(Nx 1 ) 2 9i A e 2 A e 3 . (2.46) 

It is simple to check that they satisfy the Bianchi identities d l bp <P = 0 and d l* b ^P = 0 
respectively (see appendix). 

2.3 The induced Courant algebroid 

We recall the definition of a Courant algebroid according to Ref. [23] . 

Definition 2.2. A Courant algebroid is a quadruplet (E, [■, -]e, (■, ■)g,a) of the following 
data: 


• a vector bundle E over M, 

• a skew-symmetric bracket on T(E), 

• a non-degenerate symmetric bilinear form on E, 


10 










and an anchor map a : E —> TM, 


such that for X,; G r(E'): 

1. [[X ls X 2 ] E , X 3 ] e + c.p. = VAf(X 1 , X 2 , X 3 ) , 3Af = <[X l5 X 2 ] B , X 3 ) E + c.p. , 

2. a([Xi,X 2 ] E ) = [a(Xi), a(X 2 )] Lie , 

3. [X l7 fX 2 } E = f[Xi, X 2 ] £ + (a(Xi)f)X 2 - <X 1; X 2 ) E Vf , f e C°°(M) , 
l (Vf,Vg) E = 0, f,g £ C°°(M) , 

5. a(X)(Xi, X 2 ) E = ([X, X 1 ) E + V(X, X 1 ) E , X 2 ) E + (X 1} [X, X 2 ) E + V(X, X 2 ) E ) E , 
where V : C°°(M ) — > T(E) is a map such that (Vf,X) E = ^a(X)/ . 

According to Roytenberg there is a CA associated to any PBA [25]. Its construction is 
rather simple. Recall that according to Liu-Weinstein-Xu the general bracket of a CA is 
not just the Courant bracket, but a more general expression [23]- The Courant bracket 
only arises in the case where the CA is standard, i.e. E = TM © T*M and the bracket 
on the cotangent bundle is taken to be zero (providing a trivial extension of the tangent 
bundle). In the case at hand the cotangent bundle is equipped with a non-trivial bracket, 
and the CA is non-standard. Therefore the correct bracket on the CA should be the L E p 
bracket plus the L* B/3 bracket with appropriate additional terms and twists. 

According to these, the vector bundle we consider is E = L E p © with the bracket: 

[X + ri,Y + C\ E = \X,Y} LBe + C x i-C YV -\A LBt (X(0-Y(ri)) 

+h(U- Bt + C„Y - C { X + ±d LU (X($) - Y(n)) 


-<t>(X,Y, O-’/’iv.t,-) , (2.47) 

where the Lie derivatives are defined as 

C'X = d-L B pt-x + Lxd-Lgp and C n = d L * Bfj ir, + ^l* bp ■ (2.48) 

The anchor is just the sum of the two anchors, 

a(X + g) = p(X) + /?*(??) = e~^e~ B X + /3(e~ l3 e~ B r]) . (2.49) 

The symmetric bilinear is the standard one, 

(X + r,,Y + Z) E = |(^(0 + Y( V )) . (2.50) 

These are the data of the CA that corresponds to the PBA structure of the previous 
sections. Note also that 

= d LB/3 + d L * Bg . (2.51) 


It can be directly checked that the requirements 1-5 are satisfied. Notably, the anchor a 
of the CA is a homomorphism due to property 2 in the definition 12.21 Recall also that the 
maps p and p* are not exact homomorphisms, as dictated by property 2 in the definition 
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12.11 This works as follows. Consider elements of E which lie entirely in L. i.e. X = X 
and p = 0. The bracket of E between such elements is 


[A', Y] e = [A, Y] Lsf - 4>(X, Y, •) . (2.52) 

Then we compute 

a([X,Y] E ) = p{[X,Y} LBI ,)-p^(X,Y,-) 

= ({p(x), P (Y)} Ue + P ^(x, y, ■)) - P *<Kx, y, •) 

= [a(A"), a(y)] L ie , (2.53) 

as required. A similar computation holds for the dual case. 

Although in this section we used only index-free notation, it is useful to introduce CA 
indices /, J ,..., ranging from 1 to 2d. An arbitrary generalized vector is written as 

X = (X I ) = (X i ,X 1 )eT(E) , (2.54) 

namely the index / splits into upper and lower indices according to X = X'©.; + XiE 1 . 


3 The associated AKSZ sigma model 

3.1 Topological sigma model, boundary terms and dynamics 

Every Courant algebroid has an associated (topological) sigma model of the type described 
by Alexandrov, Kontsevich, Schwarz and Zaboronsky (AKSZ) in Ref. [27]. This can be 
inferred e.g. by the discussion of Roytenberg in the paper [26]. A physicists-friendly review 
is [28] (see also the paper [58]). The master action contains fields with ghost number 0, 1, 
2 and 3. Let us focus on the 0-ghost sector of the action: 

S E3 [X,A,F]= f (F a AdX a + ± Vl jA I AdA J -P?A I AF a +±T I j K A I AA J AA K ' S j . (3.1) 

The explanation for the ingredients of this action is the following. This is a membrane 
topological action in 3D. The indices /, J are Courant algebroid indices, while the index a 
is a curved index, as before. X a are the world volume scalars on the membrane, or in other 
words the components of the map X : S 3 —>■ M, M being the target spacetime. A 1 is valued 
in D 1 (E 3 ,X*T), where X* denotes the pull back with respect to the world volume scalar 
fields. Additionally, F a is a world volume 2-form in f2 2 (E3, X*T*M). In the membrane 
model it plays the role of an auxiliary field that will be integrated out in the reduced string 
model. Moreover, p is the O (d,d) invariant metric, namely 

= (i“ o) ■ (32) 

and Pj is the anchor matrix defined through the relation 

a{X:) = P?{X)d a , (3.3) 
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where a : E —> TM is the anchor of the CA. Finally, T E fi 3 (£ 3 ,X*E) is a generalized 
3-form. 

We assume that the manifold S 3 has a boundary, say <9E 3 := E 2 , since this is the relevant 
case for physical applications. The above action can be decorated with a general topological 
boundary term as in Ref. [4] (see also 0128]): 

Sky,top = f ^BuWA 1 AA J . (3.4) 

ds 2 


More explicitly, with the splitting A 1 = ( q l ,Pi ), 

iBu^A 1 A A J = A qi + A Pj + \B)(X)q> A Pl . (3.5) 

In the class of CAs we examine, all terms will play a role. 

Additionally, in order to make contact with physics, dynamics should be added to the 
topological theory (thus breaking its topological nature). In this section our approach will 
be to study the 3D topological theory, then reduce it to the corresponding 2D held theory 
on the boundary and add dynamics at the level of this 2D theory. This is either done by 
simply adding a standard kinetic term 



\gije l A -ke J 


) 


or in certain cases a kinetic term formed with the inverse metric 


(3.6) 


/ \g' 3 Pi A , (3.7) 

•k 2 

as in Ref. |4]. The corresponding 2D theories are related to the dynamical sigma models 
discussed in Refs. [59] 160]. 

A final comment has to do with the functional dependence of the quantities that appear in 
the above actions. In this section we assume that the various background held components 
Bjj, the anchor matrix Pf and the twist T solely depend on the scalar helds X a . These 
assumptions will be lifted in Section [4] where in the spirit of the hrst order formalism we 
will allow everything to depend both on X a and the corresponding momenta. 


3.2 The AKSZ model for the Courant algebroid E = Lb /3 © L* Bj3 

Let us now specialize to the class of Courant algebroids that we discuss in this paper. The 
ingredients of the topological membrane action (13.11) can be further specihed. We hereby 
use the splitting A 1 = ( q l lP i ) referring to the basis (e 1 ,^). According to Eqs. (12.18112.19]) . 
or more particularly Eqs. (j2.43H2.4Tj) . we immediately obtain the components Pf of the 
anchor matrix: 


(3.8) 

(3.9) 
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p? = K(V), 

P“ = v^ ii (X)e a j {X) . 






Note that we used the freedom to introduce parameters /i, v G {0,1}, since the CA struc¬ 
ture is rigid against trivialization of the anchors. These parameters are relevant in taking 
interesting limits, as will become clear later in this section. 

Given the above ingredients the bulk action is 
4t ,V °= l (^F a AdX a + kq i Adp i + k , p i Adq i -(^q i + u^e^p i )AF a + f-<l>^'iPj , (3.10) 
with / being the geometric flux 

/ = IfijQ 1 A A p k , (3.11) 

while, recalling that we work in the (e*, 6i ) basis, 0 and 0 are the twists given by the 
expansions 

0 = i((l+PB)i,(l+PB)i{l+PB) k T (l> ijk qPAfAq T 
+ 3(1 + PB%{ 1 + (3B)il3 kl fa jk q p A q° A Pl 
+ 3(1 + /3By p f3 jl (3 krn (j)ij k q p Api A p m 

+ (3 il F m p kn fr jkPl A p m A p n ) , (3.12) 

and 

-0 = 1 (0 yfe p. a Pj A p k 

+ Wkn^Fpi A Pj A q n 
+ 3 B jm B kn ^ k Pi Aq m Aq n 

+ B il B jm B kn ^ k q l Aq m Aq n ) . (3.13) 

We used the fact that we are free to introduce two additional parameters k and k!. Ac¬ 
cording to the general action (13.ID they have to satisfy 

k + k' = 1. (3.14) 

The most symmetric choice is k — k' — |, and in absence of boundary one can always 
perform an integration by parts to change it to an arbitrary choice satisfying the condition 
(I3.14D . In the presence of a 2D boundary these parameters are used for interpolation 
between different limits. 

Now let us specify the boundary action. This contains all possible terms incorporating 5, f3 
and h deformation^. Accordingly, the boundary action is given by Eqs. (13.4D and (13.51) . 
with each set of components given as 

B,, Ik, • W . Bj lr> . (3.15) 

The full action that we consider is then 

S = s'*’*’ + . (3.16) 

10 Although when we discuss specific examples we never add excess geometric flux on the twisted torus, 
in the general discussion such a possibility is retained. 
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This action comes with a set of consistency conditions. First, the boundary conditions 
should match with the equations of motion on the boundary. This implies that we have 
to vary the action with respect to X a , q l and pt, set the variations to zero and determine 
appropriate boundary conditions. Performing this task we obtain 

8x*S |s 2 = F a + \d a B jk q 3 A q k + \d a f5 3k p j A p k + \d a h k q 1 A p k = 0 , 

$ q iS\z 2 = -( k'pi + Bijq 3 + \h\pj) = 0 , 

S Pi Sk 2 = -(W + Ff Pj -\h)qi) = 0. (3.17) 

These conditions are generalizations of the ones that appear e.g. in [28] and [31] and they 
can be solved in many ways, as we will explore below. The second consistency condition 
that has to be satisfied reads as 


(/< W + u^e a jPi ) AF a — f — (j) — il> on S 2 . (3.18) 

Normally this condition follows from the classical master equation |28j . Alternatively it 
can be viewed as vanishing of the sector of the bulk action that does not reduce to the 
boundary via the held equations. 

Let us now explore some boundary conditions. First, we consider 

Fa | e 2 = - \d a B jk q 3 A q k - ld a p jk pj A p k - \d a h k q 3 A p k , 

<V|e 2 = 0 , 

(kq l + P iJ Pj-±h)q 3 ) | Ea = 0. (3.19) 

Notably, the mild condition h k h k = 0 allows us (for k ^ 0) to write 

c? = ~HP kj Pi > (3-20) 

where we introduced shorthand notation y = 1 + jj;h. A medium long calculation shows 
that (13.181) reduces to the bulk/boundary consistency condition 


n ijk 


- i’H lmn r^ i p rl ‘xix7xr = o, 


(3.21) 


where we defined 


7 Z ijk = + P li r j P nk $imn , 

Qj? = -3 p6 k (3 i3 + 3 vpV-eth*} + 3 B lk ^ 1 + 3(1 + (3B) l k r'T^imn , 

T) k = - 3 f) k - 3 u^dtBjk + 3B l jB rnk il> lTni + 3(1 + (3B)){ 1 + pB)%p ni <l> lmn , 

H ijk = (1 + t3B)\( 1 + pB)J{ 1 + PB)W lmn - 3 p9 {l B jk] + B H B mj B nk ^ lmn . (3.22) 

This long expression reveals the rich structure of the type of models we consider. In certain 
limits the condition (13.211) simplifies drastically and reduces to known results, as we will 
discuss in the next section. 

Second, consider the alternative boundary conditions 

K |s 2 = ~\d a B jk q> A q k - \d a P 3k pj A p k - \d a h k q 3 A p k , 

(k’pi + B^q 3 + \h\pj) | Ea = 0 , 

<Ns 2 = 0. (3.23) 
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As before, for k! ^ 0 and defining y' = 1 — -A-h we can write 


Pi = -bx[ k B kj q 


(3.24) 


which will now yield a consistency condition different from the previous case. The new 
calculation leads to 


Hi,, - tr&BtUxX + - F iK lmn B p ,B, j B rk x?xZXn = 0 , (3.25) 


with the same definitions (13.2211 . 

Finally, let us comment on the possibility of using the boundary conditions 


Fa\-E 2 

{k'pi + Bijq 3 + \h\pj) |s 2 

(W + PPi-ititf) | S2 


- \d a B jk q 3 A q k - \d a ^ k pj A p k - \d a h)q 3 A p k , 

0 , 

0 . (3.26) 


Now we obtain that both (13.201) and (13.241) should hold. This leads to the equations 


0- ~ mx , B X py i P j = o , 

(1 - JpxPx'B))? = 0 (3.27) 

which in general force Pi = q l = 0, which is way too restrictive. 

As a final remark, it should be clear that the above sets of boundary conditions are just two 
illustrative cases and they do not exhaust the range of possibilities, since one can impose 
mixed boundary conditions too. We will encounter interesting cases of mixed boundary 
conditions later. 


3.3 Bulk/boundary versus integrability conditions for Dirac struc¬ 
tures 

Let us explore some limits of the bulk/boundary consistency conditions (13.211) and (13.251) 
and show that they reduce to previously obtained results. In particular we show that 
they are equivalent to the integrability conditions for twisted almost Dirac structures. 
Recall that a Dirac structure L is a subbundle of a CA E which satisfies the following two 
conditions: 


{L,L) e = 0, (3.28) 

[L, L\e € L , (3.29) 

namely it is maximally isotropic and involutive with respect to the CA bracket [24]. An 
almost Dirac structure is just a maximal isotropic subbundle, i.e. the bundle before the sec¬ 
ond condition is imposed. Imposing the closure condition yields an integrability condition 
for L. 

In Ref. [8], the study of twisted almost Dirac structures led us to the results summarized 

in Table Q] for the vector bundles Lb = e B TM and L* 3 = e^T*M with various choices of the 

CA bracket0. 
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Twisted Dirac structure 

Bracket 

*5 *. 

r Condition 

Lb 

b '\h 

d B = H 

T * 

L fi 

h ']r 

W,P] = R 

Lb 

[v]/i 

(d B) ijk - \B a B jm B kn R lmn = 0 

T * 

L fi 

h -]h 

([f3,/3])v k -lP il p™l3 kn H lmn = 0 

Lb 

h '\hr 

d B = H and B u B ]rn B kn R lmn = 0 

T * 

[’) ']hr 

W’P] = R and P il P jm (3 kn H lm n = 0 


Table 1: Integrability conditions for the almost Dirac structures Lb and L £ with H or/and 
R twists. 


The brackets that appear on the table are the Courant bracket twisted by H, R or bothl^l. 
With the choice of bracket [•, -]t, the integrability condition of the third column must 
hold. The conditions in the first and second row are of course standard. Additionally, the 
condition in the fourth row is also standard and it corresponds to the //-twisted Poisson 
sigma model |29[|.‘d()[[(IT] . This table can also be obtained in the context of the AKSZ sigma 
models and we now show how (see also [2SUHT1J for related discussions). 

Case 1: Dirac structure Lb- In this case we set (3 = 0 and h — 0 , and we keep only a 
nonvanishing B. Additionally, we make the following choice of parameters: 

k = 0 , k' = 1 , n = 1 , v — { 0 , 1 } . ( 3 . 30 ) 

The relation (13.241) simply becomes 

Pi = -Birf . ( 3 . 31 ) 

Then Eq. (13.221) gives 

7 Z ijk = ijk , 

Qfc = 3 B lk ^\ 

J=) k = ~3fj k + ^B l jB mk il> lmi , 

3-Lijk = (f>ijh - 3 0[iB jk \ + BuB mj B nk ilj linn . ( 3 . 32 ) 

The bulk/boundary consistency condition (13.251) reduces to the significantly simpler ex¬ 
pression 

<f>ijk - 3 e [t B jk] - 3f l {ij B k]l = 0 , ( 3 . 33 ) 

11 Slight differences to [S] in factors and signs are due to change of conventions on one hand and different 
way of presentation on the other hand. 

12 One should be cautious about the differences with the twists 4> and ip. In Ref. [5] it was assumed that 
the bracket twists are exactly H = d B and R = 4[/3,/3]s, while in the present setting the twists <f> and if; 
are more general. We clarify this further below. 
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or equivalently 


(3.34) 

in index-free notation. In order to compare this condition with the ones given in Table [TJ 
we recall that these results were obtained by twisting the bracket on Lb with a 3-vector 
R and/or a 3-form H. Therefore it is useful to write the fluxes (f) and ^ reduced to the 
boundary as 


(f> — d B = 0 


</> + -0 = + BuB mj B nk ^ lmn ) q l A q J A q k + \^ 3k pi A pj A p k . (3.35) 

The first line in Table [T] corresponds to the case of <f>ij k = Hij k and ^ k = R tjk = 0, whence 
the integrability condition (13.341) gives dB = H. Similarly, the third line corresponds to 
c f>ijk = B u Bj m B kn ^ lmn and = R t3k , leading to the integrability condition ( dB)ij k = 
iBuBjmBknR 1 ™. Finally, for the fifth line we have (f)ij k = Hij k and ip l ^ k = R l ^ k thus giving 
dB = H and BuBj m B kn R lmn = 0. 


Case 2: Dirac structure Lp. In this case we set B = 0 and h = 0, and we keep only a 
nonvanishing (3. We choose the parameters 


k = 1 , k' = 0 , fi — 1 , v — 0 . 
The relation (13.201) becomes 

q l = ~P ij Pj , 

and the definitions (13.221) 

R l]k = ^ ijk + p li r j P nk $lmn, 

Ql = -36 k p ij + 3p li /3 mj <j>kim, 

= -3/;* + 3/3%u, 

Rijk 4*ijk • 

Then the bulk/boundary consistency condition (13.211) reduces to 

l/> ijk _ 3 _ 3 r mn pmjpnk = 0 ; 


(3.36) 

(3.37) 


(3.38) 


(3.39) 


or equivalently 

~ = 0 • 


(3.40) 


As before, this expression directly yields the integrability conditions for the almost Dirac 
structure Up appearing in the second, fourth and sixth rows of Table Q] To make this 
explicit we write the fluxes 0 and i/j reduced to the boundary as 


</> + ^ = i&jW A q 3 A q k + ^ ijk + f3 li p mj P n %mn)Pi A Pj A p k , (3.41) 

Then the second row in Table [[] corresponds to <f>ij k = 0 and ^ k = R l ^ k , thus reducing 
(13.401) to R = A[/5, /3] s . Similarly, the fourth line in the table is obtained when (f> ljk = 
Hij k and = —(3 h (3 m3 (3 nk (pimm resulting in the integrability condition (3' ll f3 : ' m f3 kn Hi mn = 
|([/3, /3]sY 3k . For the sixth line (pij k = Hij k and ip l3k = RR k and the integrability condition 
(13.401) reduces to R— i[/3,/3] s and /3 h /3 mj f3 nk Hi mn = 0. 
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The pattern is already obvious. The choice of bracket corresponds to the choice of twist in 
the membrane action. The choice of Dirac structure deformation corresponds to the choice 
of boundary condition on the boundary string. The integrability condition corresponds to 
consistency of the boundary conditions with the bulk action. This dictionary is summarized 
as: 


Courant algebroid 

Sigma model 

Bracket twist [•, -]t 

Bulk term — J S3 T 

Dirac structure deformation Lg 

Boundary term B 

Integrability condition for Dirac structure 

Bulk/boundary consistency condition 


3.4 2D sigma models with dynamics 

Up to now we discussed the 3D topological field theory. For physical applications, notably 
for string theory, it is necessary to look at the corresponding 2D theory on the boundary and 
add dynamics to it. Let us first revisit the two cases of Section [3~3l from this perspective. 

For the first case of Lb, the F a equation of motion yields 

q i = e\dX a = e* . (3.42) 

Using this to integrate out the auxiliary field and adding dynamics in the standard way, 
we obtain the familiar 2D field theory with Wess-Zumino term 

S = [ A *e j + \BijF A e 3 ) - f A e 3 A e k . (3.43) 

4 s 2 J e 3 

In the second case of L^, the F a equation again gives (13.421) . and integrating out the 
auxiliary 2-form produces the action 

S = [ {\g lJ Pi A *Pj + Pi A e l + \/3 l3 Pi A pj) - f \^ ]k Pi A pj A p k , (3.44) 

Jy,2 J S 3 

where in the spirit of the first order formalism we added dynamics with the inverse metrical 
g 13 , exactly as in Ref. |4], Some remarks regarding the action (13.441) are in order. First, 
when the bracket is twisted only with a 3-form iL, one has ^f 3k = — /3 lt (3 m3 /3 nk Hi mn and 
this is precisely the iL-twisted Poisson sigma model [6T| on a nilmanifold. In that case one 
can write the standard kinetic term. Furthermore, if d is invertible and its inverse is equal 
to B, then the action (13.441) with g = —Bg^B is equivalent to (13.431) . 

3.5 Explicit sigma model with both B and (3, and B/3 ^ {0, 1} 

In Section 13.31 we showed that the general formulae of Section 13.21 reproduce known results 
in the limits B = 0 and (3 = 0 respectively. However, in general none of B and /3 is zero, 

13 More precisely this is not an inverse metric but the standard metric on the dual algebroid structure. 
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and moreover they do not have to satisfy any relation of the sort B/3 = 1, as is sometimes 
assumed. The results of Section 13.21 reflect such general cases. In the present section we 
want to show that these results are not empty, in the sense that there indeed exist nontrivial 
cases where the consistency conditions of the AKSZ sigma model can be satisfied. 

In order to be very explicit, let us consider the toy example of Section 12.2.21 where the 
nonvanishing components of B and /3 are B 23 = NX 1 and f3 12 = \fc. Therefore 


BP = 



(3.45) 


which is neither vanishing nor unity. In very explicit terms, the sigma model 


is 


S = 




A dX a + \<f A d pi + \pi A d q l - ( q 1 - y/cp 2 ) A F { - ( q 2 + y/cpi) A F 2 

-( q 3 + X 1 q 2 + y/cX 1 p 1 ) A F 3 + q 1 A q 2 A p 3 - ATg 1 A q 2 A g 3 
—\/cN(q 2 A g 3 A p 2 + q 1 A q 3 A pi) — cNq 3 A p\ A p 2 — cp\ A p 2 A p 3 

—cNX 1 (p 3 A pi A g 3 + p 2 A pi A q 2 ) — c(A r A" 1 ) 2 p 1 A q 2 A q 3 ^j 


'£ 2 


NX 1 q 2 A g 3 + -y/cpi A p 2 


(3.46) 


where the indices a and i run from 1 to 3, and we have made the choices k — k! — \ and 
H — v — 1. Proceeding with the variations, the Sx a ones directly lead to the boundary 
condition 

F\ = — Nq 2 A q 3 , F 2 = F 3 = 0 . (3.47) 

The variations 5 Pi and 5 q i lead to the following set of relations: 

(■ \q 1 + Vcp 2 )5p 1 = 0 , ( \q 2 - y/cpi)Sp 2 = 0 , {\q Z )Sp 3 = 0 , 

{^p^q 1 = 0 , {\p 2 + NX l q 3 )5q 2 = 0 , {\p 3 - NX'q^Sq 3 = 0 . (3.48) 

Additionally, taking into account (13.47j) . the bulk/boundary consistency condition is 

N^q 1 — y/cp 2 ) A q 2 A q 3 + q 1 A q 2 A p 3 — Nq 1 A q 2 A q 3 

-yjcN(q 2 A q 3 A p 2 + q 1 A g 3 A pi) - cA^g 3 A pi A p 2 - cpi A p 2 A p 3 

—cNX 1 (p 3 A pi A g 3 + p 2 A pi A g 2 ) — ^M^pj A g 2 A g 3 = 0 . (3.49) 


Now we have to choose appropriate boundary conditions, consistent with Eqs. (13.481) and 
(13.491) . The choice corresponding to (13.231) is 


5pi = 0 , pi = 0 , p 2 = -2 NX q 3 , p 3 = 2AAA q . 


(3.50) 


It is observed that Eq. (13.131) gives i/j — 0. This is a legitimate possibility but it is not 
so interesting because it makes one of the twists vanish. On the other hand, the choice 
Sq l = 0 of (I3.19|) is not consistent with (13.491) for c^O. This indicates that mixed boundary 
conditions are appropriate in order to keep both </> and i/j nonvanishing. We can End such 
conditions by first noting that 
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'0 = 0 . 


• Sq 1 7 ^ 0 pi = 0 0 = 0 , 

• $P3 7^0 g 3 = 0 => 0 = 0, 

• (dpi 0 and Sq 2 ^ 0) (p 2 oc q 3 and q 1 oc q 3 ) 

• (dP 2 0 and Sq 3 ^ 0) =>- (p 3 ex pi and q 2 oc p^j =$■ 

This leads to the necessary requirements 

Sq 1 = 0 , 5p 3 = 0 , [6pi =0 or 5q 2 = 0) , ( Sp 2 = 0 or 5q 3 = 0) . (3.51) 

Let us choose Sq 2 = 5p 2 = 0 for the last two requirements. The remaining boundary 
conditions from (13.481) are 

q 1 = -2^fcp 2 , p 3 = 2NX 1 q 2 , on S 2 . (3.52) 

In order to be able to solve the bulk/boundary consistency condition we choose additionally 

q 3 + \^fcX 1 pi = 0 on S 2 . (3.53) 

Then we find that on the boundary 

0 = \cNX l q 2 A pi A p 2 , (3.54) 

0 = 2y/cNq 2 A q 3 A p 2 , (3.55) 

and it is checked that the condition (13.491) is satisfied. This shows that the boundary 
conditions that were chosen are consistent with the AKSZ action, while both twists 0 and 
0 and both deformations B and 0 are nonvanishing. Focusing on 2D, the corresponding 
action can be brought to the form 

/ (Is'p-e* A -ke 2 + \pi A e* + NX 1 e 2 A e 3 + \fcpi A p 2 — y/cNX l pi A e 3 ) . (3.56) 

Jt, 2 

This is a nontrivial case from the general class of 2D field theories called Dirac sigma 
models, introduced and studied in Refs. 1 591 160]. 


4 Toward a sigma model description of double field the¬ 
ory 

We would like to examine to what extend the approach we adopted up to now can be carried 
on to account for genuinely non-geometric cases. As mentioned in the introduction, non¬ 
geometric situations are better understood in the doubled formalism, where non-geometry 
is triggered by the presence of dual coordinates. In the doubled field theory these where 
implemented in an effective field theory on some doubled spacetime. Here we do not work 
in a target space field theory framework, but instead we formulate the appropriate sigma 
model. This is close in spirit to the inspiring attempt of Ref. [6] to describe non-geometric 
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backgrounds in the context of AKSZ sigma models. The authors used this approach to 
discuss quantization of non-geometric backgrounds and limited their description to the 
single presence of R flux. This case is however known to be T-dual to standard H flux 
backgrounds and as such it is not a genuinely non-geometric background. In the following 
we will extend and generalize the scope of AKSZ inspired sigma models to account for more 
general cases. 

4.1 Sigma models with doubled target space 

Let us recall a key point in the analysis of Ref. |6j. Consider the sigma model (ED 
associated to the standard CA on a torus. Moreover let T = R be the only generalized 
3-form with R a constant 3-vector. This means that the 3D action i&0 

Sr[X, A, F] = I (V a A dX a + q a A d p a - q a A F a + \R abc p a A p b A p)j , (4.1) 

where we used only early Latin indices because for the moment we refer to the flat torus. 
Integrating out the 2-form F a one obtains 

Sr[X, A,F]= f p a A dX a + [ \R abc Pa A p b A p c , (4.2) 

with A" a -independent R abc by assumption. The equation of motion for X a is simply 

d Pa = 0. (4.3) 

This means that the 1-form p a may be written locally as 

Pa = dX a , (4.4) 

where X a G C' 00 (S 3 , AT*T*M). These X a are similar to the dual coordinates of DFT, which 
is the reason for our choice of notation. As suggested in Ref. [6], in the sigma model they 
essentially correspond to an augmented embedding of the 2-dimensional boundary theory 
on S 2 in the full cotangent bundle of the target manifold M. In other words there are 
generalized (or doubled) target space coordinates (X 7 ) = ( X a , X a ) which correspond to the 
map X = (X 7 ) : S 3 —> T*M. Note that the appearance of the dual coordinates is very 
natural in this context, since they were suggested by the equations of motion of the sigma 
model. 

An alternative way to think about the above doubling is in the spirit of the topological 
approach to T-duality |621l63] . which was explained via Courant algebroids in Refs. |6D - l66] . 
In this approach there is a product manifold M x M of original and dual spaces and T- 
duality corresponds to an isomorphism of twisted K-theories [BIZI[53 ]. I 11 [B5] it was shown 
that this can be extended to an isomorphism between the corresponding CAs. Here we 
associate X 7 to the product manifold M x M. Presumably, the AKSZ sigma models for 

14 As mentioned in Ref. [B] a 2D kinetic term should be included for consistency with the equations of 
motion. We do not explicitly write it here because it will not play a crucial role in the argument. 
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CAs over this extended target space correspond to the ones we will consider below. We 
plan to study this correspondence carefully in future work. 

Once one considers the possibility of such generalized embeddings, it is natural to allow all 
the fields that appear in the model to depend both on X a and X a . In that case insisting 
on the formulation (13.11) for the sigma model is rather restrictive. From the viewpoint of 
physics, Eq. (13.11) does not contain dX a at all, which should not be the case in general. 
Thus, returning to the general case, our proposal here is twofold. First, allow B,/3,h,a 
and T to depend on both X a and X a . Second, introduce a second world volume 2-form 
F a G fl 2 (£ 3 , X*TM); note that this is again an auxiliary world volume 2-form like F a , with 
the difference of having a vector index instead. Then we write the 3-dimensional action 

= I (i F a MX r ‘+F l ‘AdXpr II jA , MA J -P?A , AF a -P a ,A , AF a +±T UK A I AA J AA K ) . 

(4-5) 

In more compact notation, writing Pf = (P“, P aI ) and F 1 = ( F a , F a ) for F 1 G 0 2 (£ 3 , X*E), 
we get 

Ss 3 = I [SijF 1 A dX J + ^jjA 1 A dA J - SjkP/A 1 AF k + \T ]JK A ] AA j A A K ^j . (4.6) 

The boundary action is the same as before, namely 

Se 2 = [ \BjjA 1 A A J , (4.7) 

J s 2 

with the difference that B = B(X,X). An important remark regards the object P a i, which 
was absent before. These are the components of a map P : E —» T*M that maps elements 
of the Courant algebroid to the cotangent bundle. Examples of such a map is the unit map 
on 1-forms and the map B^ : TM —* T*M that acts simply as = B^rf. 

Our purpose now is to consider the analog of the construction we did for the CA Lsp®L* B p, 
bearing in mind that a complete mathematical characterization of the construction is due. 
The ingredients are similar to the standard case. We consider the twists (j) and ip, as given 
in Eqs. (I3.12|) and (13.131) . as well as the geometric twist / of the nilmanifold that appears 
in Eq. (13.111) . Then the action reads as 

S = f (^F a A dX a + F a A dA a + kq l A dp, : + k' Pl A dq l 

-(/<f/ : + u^e a jPi ) A F a - {p'F aPl + v'B l3 e>J) A F a + f — p — ip\ 

+ J A Q J + \P 3 Pi A Pj + \h{q l A p^j . (4.8) 

For the map P we took 

P l a = /i'e* and P ai = FB^ei , (4.9) 

which is the natural choice. As before, the parameters /i, v, p', v' are valued in {0,1}, which 
reflects the flexibility of trivializing the corresponding map or not. Once more, k and k' 
should satisfy k + k' — 1. 
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Next we determine the equations of motion on the boundary by varying with respect to 
X a , X ai q 1 and P {. The only new equation is 

Sjt a S\^ = F a + \&B jk qi A q k + \d a p jk Pj A pk + \d a h k q 3 A Pk = 0 , (4.10) 

where d a = d/dX a . The other three equations are exactly as in (13 .1 711 . Additionally, the 
bulk/boundary condition that should hold reads as 

(pe“g* + v/? 3 e“pi) A F a + {fi'e l aPi + v'B i:j e 3 a q l ) A F a = f - (j) - -0 on E 2 . (4.11) 

This has to be consistent with the choice of boundary conditions that guarantee the equa¬ 
tions of motion on the boundary. 

Let us examine how the boundary conditions that were considered in section 13.21 are mod¬ 
ified. First we consider the boundary conditions 


( kq l + /3 lj pj 


F a \x 2 
F a |e 2 
fiq 1 |s 2 
\ h )q 3 ) |e 2 


-\d a B jk q 3 A q k - \d a P 3k Pj A p k - \d a h k q 3 A p k , 
~\d a B jk q 3 A q k - \d a ft k Pj A Pk - \&h)q 3 A Pk , 

0 , 

0 . (4.12) 


The bulk/boundary consistency condition (14.lip becomes formally identical to (13.211) . 
namely 


n m _ IeK/3S‘]^ + *l x 


,m n 
A a 


T~^lmn 


P r 'P ,i P Tt x‘ p x?x" 


= 0 


but with the upgraded definitions 

7 V jk = ip ijk - 3iP^%l3 jk ] + p li p mj p n % mn - 3p'9 [i p jk] , 

Q l l = -3p9 k p ij + 3v^%h j H + 3 B lk ^ 1 + 3(1 + PB) l k p mi p nj fr mn + 3 p!0^ - 3u'B kl 9 l p ij , 
F) k = - 3 pGyhi] - 3f) k - 3vf3 il 9 l B jk + 3B x ,B mk ^ lmi + 3(1 + pB)\{ 1 + PB)^p ni <j> lmn 
-3p!¥B jk - 3u'B [p e l h l k] , 

U ljk = (1 + PB)[( 1 + PB)J{ 1 + PB)W lmn - 3ix9 {i B jk] + B u B mj B nk ^ lmn - 3v'B^9 l B jk] , 

(4.13) 


where we defined 9 l = e l a d a . Similarly, the boundary conditions 

Fa | x 2 = \d a B jk q 3 A q k + \d a P ]k Pj A p k + \d a h k q 3 A Pk , 
F a |e 2 = \d a B jk q 3 A q k + \d a p 3k Pj A p k + \d a h k q 3 A Pk , 


{k'pi - Bijq 3 - \h\pj) |s 2 = 0 , 
^7 A|e 2 = 0 , 


(4.14) 


lead to the generalization of the alternative condition (13.251) . namely 

H,, k - - A'R- ,mn Bp i B, j B rt x' l r XmXn = 0 , 

with the definitions (14.131) . 
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4.2 The pure R flux limit 


Let us briefly revisit the pure R flux limit of Ref. [6j with the results of Section I4~T1 Consider 
B = h = 0 and (3 = (3(X) to be independent of X a . Additionally, let us turn off the (p 
flux and geometric flux / just for the present example, namely f = <p = 0. With these 
assumptions, Eqs. (14.131) reduce to 

7 Z ijk = ip ijk - 3d [i p jk] , 

Q = T = U = 0. (4.15) 


We choose the boundary conditions (14.121) . in which case the bulk/boundary condition 
(13.211) reads as 


ll ijk = 0 => ip ijk = 3d [i (3 jk] . 


(4.16) 


In case /3 is linear in X a , e.g. /3 = Ne^ k b < p.X a r pi A p p we can identify ip with the constant R 
flux, e.g. R = N. This is similar to the case considered in |6j, where more details may be 
found. 


4.3 Genuine non-geometry? 

The main motivation for the formulation we propose in Section 14.11 was to examine the 
possibility to construct genuinely non-geometric models, in the sense that was explained in 
the Introduction. This is essentially the message of the results in Section 14.11 but in order 
to make sure that they are not empty and indeed contain nontrivial cases we construct here 
an explicit toy model. 

Consider the sigma model on the twisted torus of Section 13.51 upgraded to a model of the 
type (14.81) with the following background fields instead: 

B = NX 1 q 2 A q 3 , /3 = NX 2Pl A p 3 . (4.17) 

Both B and /3 are nonvanishing, and they satisfy 

/0 —NNX 1 X 2 0\ 

PB= 0 0 0 . (4.18) 

\0 0 0/ 

Moreover, in this case we identify (p and ip with the corresponding derivations, namely 

c p = Nq 1 A q 2 A q 3 , ip = Npi A p 2 A p 3 . (4.19) 

Making the choices k = k' = p and [i — p' — v — v' — 1, the model is given as 

S = J ^ F a A dX a + F a A dX a + \ Pi A d q i + \q l A d^ 

-F 1 A (q 1 - NX 2 p 3 ) - F 2 A q 2 - F 3 A ( q 3 + X l q 2 + NX 2Pl ) 

—F 1 A pi - F 2 A (p 2 - X x p 3 - NX x q z - N^fq 2 ) - F 3 A (p 3 + NX l q 2 ) 

+q l A q- A p 3 - (p - ip 
+ j ^NX'q 2 A q 3 + NX 2 p x A p^j , (4.20) 
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where in the present case we find 

0 = Nq 1 A q 2 A q 3 + NNX 2 (q 2 A q 3 A p 3 + q 2 A q 1 A pi) + N(NX 2 ) 2 q 2 A p 3 A pi , 

0 = Npi Ap 2 A p 3 -\-N N X 1 {jp 3 A pi A q 3 +p 2 Api A q 2 ) + N(NX 1 ) 2 pi A q 2 A q 3 . (4.21) 

The equations of motion for X a and X a lead to the boundary conditions for F a and F a : 

F\ = -Nq 2 A q 3 , F 2 = F 3 = 0 , 

F 2 = —Npi A p 3 , F 1 = F 3 = 0 . (4.22) 

Additionally, the equations of motion for q 1 and Pi lead to: 

(ig 1 + NX 2 p 3 )5p i = 0 , {\q 2 )5p 2 = 0 , ( \q ' 3 - NX 2 )5p 3 = 0 , 

{\piW = 0 , {\p 2 + NX^^Sq 2 = 0 , (\p 3 - NX l q 2 )5q 3 = 0 . (4.23) 

An analysis similar to Section [3751 dictates the boundary conditions 

5q l = 0 , 5p 2 = 0 , (8p 3 = 0 or 5q 2 = 0) , (5pi = 0 or 5q 3 = 0) . (4.24) 

Out of the last two requirements we make the random choice Sp 3 = 5q 3 = 0. The remaining 
boTindary conditions are 

q 1 = —2NX 2 p 3 , p 2 = -2 NX'q 3 . (4.25) 

Imposing also that X l p\ — 2X 2 q 2 = 0 , we hnd that on the boundary 

0 = —NNX 2 p 3 A q 2 A q 3 , 

0 = NNX 1 pi A p 3 A q 3 , (4.26) 

and that the bulk/boundary consistency condition 

F 1 A(q 1 -NX 2 p 3 ) + F 2 A(p 2 -X 1 p 3 -NX 1 q 3 -N(X 1 ) 2 q 2 )+q 1 Aq 2 Ap 3 -(P-'i/j = 0 , (4.27) 

is satisfied. This means that the model is a nontrivial case where the twists 0 and 0, as well 
as the deformations B and /?, are nonvanishing. Unlike the model with pure 3-vector flux, 
which is well known to be T-dual to standard geometric models, the present case cannot 
be T-dualized to a standard geometry. Thus it constitutes a genuine case of non-geometry. 

The latter statement is corroborated by attempting to write down the corresponding 2D 
string model. This is not possible just in terms of X a ; instead X a necessarily appear, 
similarly to the pure A-fiux models considered in Refs. Si but in a significantly more 
complicated way. The topological sector of the corresponding model can be written as 

(^8N 2 NX le 1 A e 2 A e 3 + ANN 2 X 2 X 2 dX 1 A dA0 A dX 3 + NNX 2 e l A e 2 A dX 3 + 
—2NN(X 2 e 2 - Abe 1 ) A e 3 A dX^ + 

+ J (^-NX 1 ( 1 + dNNX'Xiy 2 A e 3 + N(X 2 + NX 2 (X 1 ) 2 + 2NNX 2 X 2 )dX x A dX 3 + 
+^NNX l X 2 e 2 A dXi - 2NNX 1 X 1 (e 3 - X 2 e 1 ) A dX 3 j , (4.28) 
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which supports the above remarks. Notice that for N —> 0, namely when the deformation 
/? is turned off, we obtain 


-NX 1 e 2 A e 3 


s 2 


(4.29) 


while for N —» 0 (or 5 = 0) we obtain 


as expected. 


NX 2 dX 1 A dX 3 


'£ 2 


(4.30) 


5 Conclusions 

The extended nature of the fundamental degrees of freedom in string theory leads to du¬ 
ality symmetries, whose consequences are unconventional from a traditional held theory 
viewpoint. One of these consequences is our encounter with non-geometric string back¬ 
grounds. A central question in this line of research is whether such backgrounds are always 
equivalent (up to duality) to previously known geometric ones or there exist ones that are 
truly new. Recent developments, mainly in the context of DFT, suggest that duality orbits 
of flux configurations that do not intersect geometric regions indeed exist [ 22] , 

In this paper we addressed the problem of constructing sigma models that correspond to 
genuinely non-geometric backgrounds. This approach is inspired by previous work along 
these lines in the string theory literature Hi, which we extended and generalized. The 
underlying mathematical setting is that of Courant algebroids, which has recently found 
applications in the physics of string theory HHS]. Here we constructed a general class of 
CAs with base manifolds being twisted tori. The choice of twisted tori is made for a number 
of reasons, in particular (i) they are the simplest nontrivial generalization of flat tori that 
retain parallelizability and they can be endowed with all kinds of generalized complex 
structures |67^^l . (ii) they naturally incorporate geometric fluxes, and (iii) they play a 
central role in flux compactihcations, notably in Scherk-Schwarz reductions. We followed 
the approach of introducing the basic mathematical notions first, then applying them for 
general twisted tori of step 2, and finally examining in detail an illustrative example from 
the class. 

In order to reach our main goal of constructing relevant sigma models, we resided on the 
result that every CA structure over a manifold M has an associated topological sigma model 
with M as target space [26]. For physical applications, it is natural to consider manifolds 
with boundary and add general topological boundary terms and also kinetic terms that 
break the topological nature of the model. Studying the corresponding membrane sigma 
models for the class of CAs we constructed, we found general bulk/boundary consistency 
conditions appearing in Eqs. (13.2111 and (13.2511 . These expressions generalize on one hand 
previously known integrability conditions for Dirac structures [291 - IM] . and on the other 
hand allow for a systematic characterization of fluxes, extending expressions found in |4j. 

15 For example, several twisted tori admit a symplectic structure and their phase space can be completely 
characterized, see [55] . 
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In certain limits, our expressions reproduce previous results; on the other hand we also 
studied in detail a case where both 2-form and 2-vector deformations coexist meaningfully 
without being inverse of one another. 

However, in order to really account for cases that appear in string theory via generalized 
T-duality, the above sigma models cannot be the end of the story. This was already noticed 
in [4j, and later in [6], where sigma models of an extended type were first suggested. These 
sigma models have the phase space of M as target space, instead of M itself. Inspired 
by this approach, we proposed a minimal systematic generalization of the previous sigma 
models that incorporates this doubled point of view. Analysing such models we found that 
the bulk/boundary consistency conditions take again the form appearing in Eqs. (13.2111 
and (13.251) . albeit with an upgraded set of definitions that characterize the fluxes of the 
model. Then we were able to write down an explicit example of a model which combines 
the following properties: (i) all types of generalized fluxes are present, (ii) it cannot be 
reduced to a 2D theory with standard target space and (iii) it cannot be dualized to a 
standard geometric model. This makes this example, and any other constructed similarly, 
an excellent toy model for genuinely non-geometric backgrounds. 

Finally, it is interesting to compare our results with the expressions for fluxes found in 
the context of DFT and its generalized Scherk-Schwarz dimensional reduction on twisted 
doubled tori [^5THS] . For this comparison, it is not enough to look at Eqs. (14. 1311 . which 
contain less information than the corresponding ones from DFT. The relevant equations 
are instead the full conditions (I3.21K and (I3.25K with the definitions (14.1311 . These two 
equations give the U H" and “i?" flux in the present formulation, which actually contain all 
terms appearing in DFT plus additional terms of higher order in the combinations of B 
and j3. For the other two sets of fluxes the comparison is not yet possible, since we have 
not determined general expressions for mixed boundary conditions in this paper. However, 
we can conclude that our formulation encompasses results from DFT and it would be 
interesting to examine further the relation between DFT (target space theory) and the 
sigma model we proposed. 
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A Proof of protobialgebroid structure on (L^,L^ /3 ) 

In this appendix we prove that (L#/ 3 , L* B/3 ) with the ingredients (brackets, anchors and 
twists) given in Section P2.2.1I is a protobialgebroid, i.e. it satisfies the properties 1 to 4 of 
Definition 12.11 
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Proof of property 1. For X = X*0, and Y = Y l <3 t we compute: 

[XJY] Lbp = e B e?([e-ee- B X,e-Pe- B fY]^ + P(e-Pe- B ( ( t>(XJY, ■)),■)} 

= e B eP ([e^e~ B X, fe^e~ B Y] Ue + fP(e^e~ B ((t>(X, Y, •)), ■)) 

= e B e p ^f[e~^e~ B X, e- 0 e~ B Y] Lie + ( e- p e~ B X{f))e~ p e- B Y 


+me-Pe- a (<KX,Y, ■)),■) 

= /(eVfte-^X, e _|S e _s y] Lie + Y, •)), ■))) 

+e B (p(X) f)e~P e~ B Y 
= f[X,Y] La , + (p(X)f)Y . 

Similarly the proof for 77 = r\iE l and £ = 


(A.l) 


Proof of property 2. Essentially this is already covered by construction in the main 
text. As a cross check we compute: 

p([A', Y\ Lb „) = p(e B e\[e- g e- B X, e^e^Y}^ + ^e^^X, Y,-)),-))\ 

™=™ pfeV([p(x),p(y)] Lta + p,(0(x,y,.))) 


lt2U8l i 


[p(X),p(Y)} Ue + p,(d>(X,Y,-)) 


(A.2) 


and the proof is complete. Similarly for the corresponding property on L 


★ 

Bp- 


Proof of property 3. We directly apply the general expressions for the derivations on 


L Bf} and L* B6 : 


p+i 


d l b M X ^ ■ ■ ■ > x p+i) = ^(-l) i+ V(^)^(W, • • •, Xi, • • •, X p+1 ) + 

i= 1 

+ ^- i y +j ^ x - x ^ x i,---,x u ...,x J ,... : x p+1 ). 


i<j 

p+1 


d L *^(hn • • • ,Vp+i) = ^2{-l) l+1 p*(Vi)n(viT..,f)i,...,ri P+1 ) + 

i=l 

+ ^2{-^) t+3 ^{[Vi,Vj}L* Bp ,Vii ■ ■ ■ ,V» ■ ■ ■ ,Vj, ■ ■ ■ ,Vp+i) , 


i<j 


for arbitrary uj G r(A p L^g) and f2 G F(A p L B p) : to compute the derivations of the basis 
elements E l G T(A 1 L* B/3 ) and 0* G T(A 1 L B p) 

d Lb ^ = -\{f}k - P%jk)E j A E k , (A.3) 

d L *0* = -K^ + 2 r/i + ^'rtiJ0iAe fc . (A.4) 
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Then we compute 

[[6 h,Oj\L Bf} ,Qk]L Bp = - /zfc/3^0^ +/5 Zrri /3^0^0 pfc z), (A.5) 


and 

0(dL^0i, 0J, 0fc) = -hki{W ln - 2/L/3 n]m + ^r^ipm^n ■ (A.6) 

Moreover, 

d L* Bp <j>(&i, 0J, 0fc) = P lm 0m4>ijkQn • (A.7) 

These expressions deliver the result 

[[0i> 0fc]i S/3 + C -P- - Qj, 0fc) - 0(dL^0*, 0j, ©fc) - 0(@i, dn^Gj, ©*) 

-0(©i, 0 i? d L ^0 fe ) = /3 ml (dli&jkl] ~ ! f[ij4>kt\n + |/3 np 0n[p-0fc;]p) ©m , (A.8) 

which means that the property holds when the condition 

- IKM] - r m 4>nki]) = o (a. 9) 

is satisfied. A similar computation for the dual property yields the condition 

Pte*0 m1 pjk] _ l^mUk^U] + plnfi^ + plzpH = q (A . 10 ) 

These two conditions are essentially Bianchi identities as will be clear from property 4. 


Proof of property 4. Using the expansions 


4> = -fiijkE* A E j A E k , 

= |^A0. A 0 jA 0 fc , (A.11) 

and the result (IA.3D we compute 

= \{^L B ^4 > ijk)E i A E-’ A E k + ^c/) ij f ; (d LB0 E i ) A E-’ A E k 
= Wifojk - iMfu - r n <Pnii))E l A E? A & A E k , (A.12) 


which vanishes when the condition (1A.9I) is satisfied. This is essentially a Bianchi identity 
(and fully agrees with previous results, e.g. [3148]). It is simple to check that this Bianchi 
identity is satisfied in the example of section 12.2.21 On the other hand, using (1A.4D we 
compute 





|(dL*^ <ifc )0i A 0, A 0, + A 0, A 0, 

\{P lm o m V ik -1 ip mjk (e m p H + (3 ln f mn + p ls p u <i> ms t)ei A Qi A 0, A ©fc ,(A.i3) 


which vanishes when the Bianchi identity (1A.10I) is satisfied. This is also true in the example 
of section 12.2.21 
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